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1. Introduction 

Let p be a prime. Let O be the ring of integers in a finite extension of Qp. 
rS I Let ^ be a compact j9-adic Lie group with a closed normal subgroup H such that 

c^ ' Q/H = F is isomorphic to the additive group of p-adic integers. Noncommutative 

Iwasawa theory has created a of lot interest in the Whitehead group of the Iwasawa 
algebra Ao{G) and its localisation at a certain Ore set S (defined by Coates et. al. 
\T\. See definition 11.41 below). In this paper we describe the Whitehead group of 
the Iwasawa algebra of Q when the group ^ is a pro-p p-adic Lie group of dimension 
one. We also prove some results about the localisation of Iwasawa algebras of such 
groups. These are generalisations of results in special cases which started with a 
beautiful work of K. Kato [S] (see also K. Kato [6J, T Hara |2] and M. Kakdejl]). 
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2 MAHESH KAKDE 

Following K. Kato [6J we use the integral logarithm of R. Oliver and L. Taylor as 
a main tool for proving our results. 

I would like to thank Professor Coates and Professor Burns for their constant 
encouragement without which I could not have completed this paper. 

1.1. The set up. Let ^ be a compact pio-p p-adic Lie group of dimension one 
which has a quotient isomorphic to the additive group of ]9-adic integers. Then 
Q has a closed normal finite subgroup, say H, such that Q/H = F = Zp. We 
write F multiplicatively. Once and for all we choose a lift of F in ^ which gives an 
isomorphism Q = H xi T. Let F^" be a fixed open subgroup of F acting trivially 
on H. Put G = Q /V^" . Let O be the ring of integers in a finite extension of Qp. 
The Iwasawa algebra of Q with coefficients in O is defined as 

Ko{Q) = \}^o[g/ui 

u 
where the inverse limit is over all open normal subgroups U oi Q. 

1.2. Twisted group rings. Recall the definition of twisted group rings. Let R 
be a ring and P be any group. Let 

be a two cocycle. Then the twisted group ring, denoted by R[PY , is a free R- 
module generated by P. We denote the image of p G P in R[PY by p. Hence, 
every element of R[PY is a finite sum J2p£P^pP ^^^ ^^e addition is component 
wise. The multiplication has the following twist: 

p . p> = t{p,p')pp'. 

1.3. The Iwasawa algebra as a twisted group ring. The Iwasawa algebra 
Ao{Q) is a twisted group ring 

AoiG) = Ao{rn[GV , 
where r is the twisting map given by 

r{hr\h2r') = 7'"^^"^ G Ao{rn\ 

where [x] denotes the greatest integer less than or equal to x. Note that for any 
9,9' eG, 

't{.9i9') = '^{.9\9) i-6- T is symmetric, 
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1.4. Definition of the Ore set S. Recall the Ore set S, due to Coates et. al. 
PP, mentioned in the introduction: 

S = {f E Ao(^)|Ao(^)/Ao(^)/ is a finitely generated O — module} 

It is proven in loc. cit. that S* is a multiplicatively closed left and right Ore set and 
does not contain any zero divisors. Hence we may localise to get the ring Ao{G)s 
which contains Ao(^). 

1.5. Some useful lemmas. 

Lemma 1. The subset of S defined byT = Ao{TP'')—pAo{TP^) is a multiplicatively 
closed left and right Ore subset of Ko{Q). The inclusion of rings Ko{Q)t — ^ Ao{Q)s 
is an isomorphism. 

Proof: Since the group F^" is central in G, it is clear that T is a left and right Ore 
set. Since KoiT^^) is a domain, the set T does not contain any zero divisors. Hence, 
the map Ko{Q)t — ^ ^o{G)s^ induced by the inclusion T — )• S*, is an inclusion. We 
now prove that it is surjective. 

Note that Ko{Q)t = AoC^^It ®Ao(rp^) ^o{Q)- We first show that 

QiAoiG)) = Q(Ao(r^^)) ®Ao(r.= ) Ao(^), 

where Q{R) denotes the total ring of fractions of a ring R. Note that we have an 
inject ive map 

QiAoirn) ®Aoirn MO) -^ QiMO))- 

As QlAoiT^")) is a field and Ao{Q) is a free Ao(rP'')-module of finite rank, 
Qi^AoiT^")) ®AQ(rp<!) Ao{G) is an Artinian ring. Hence every regular element is 
invertible. The ring Ao{G) is contained in Q{Ao(Tp^)) ®Ao(rp'') ^o{G) and every 
regular element of Ao{G) is invertible in Q{Ao(Tp^)) ^AqI^tp^) Ao{Q), hence the in- 
jection Q{Ao{TP^)) ®Ao(rp=) Ao(^) ^-^ Q{Ao{G)) must be surjective. Any element 
X e Ao{Q)s C Q{Ao{G)) can be written as |, with a G Ao{G) and t a non-zero 
element of Ao{Tp"). If t G p"Ao(rP'), then tx = a e p^Ao{G)s- On the other 
hand, a also lies in Ao[Q). Hence a G p^AoiQ). Then we can divide the largest 
possible power of p from t and the same power of p from a, and x can be presented 
as f , with a G Ao{Q) and t eT. D 

Remark 2. We remark that Ao{Q)t = ^o{^^'')t[GY , for the same twisting map r 

as above. We also study the p-adic completion Ao{Q)t = ^oiX'^^)T[GY of Ao{Q)t- 
Note that Ao(rP°)r = AoiTP')(^p). 

Notations 3. In the rest of this section R denotes either AoiT^") or Ao{T'^''){p). 
For any subgroup P of G, we denote the inverse image of P in Q by Up. Let NqP 
be the normaliser of P in G. We put WqP = NqP/P, the Weyl group. We denote 
the set of all cyclic subgroups of G by G{G). 



4 MAHESH KAKDE 

Definition 4. Let Ii and I2 be ideals in R[GY . Then we define [/i,/2] to be the 
additive subgroup of R[GY generated by elements of the form ah — ha, where a E Ii 
and h E l2- 

Lemma 5. We have the isomorphism of R-modules 

R[GY/[R[GY,R[GY] -^ R[G(mj{G)Y. 

Remark 6. Throughout this paper we usually denote the class of g in Gonj{G) 

by [g]- 

Proof: Consider the i?-niodule homomorphism 

R[GY 4 R[Con3{G)Y, 

Y^rgg^^rg\f^. 

This map is surjective and since r is symmetric, the kernel of contains 
[R[GY,R[GY]- We must show that it is equal to [R[GY,R[GY]- Let Y^^gQ G 
ker{(j)). Let Cg denote the centraliser of g in G. Then for each g E G, we get 

X&G/Cg 

Consider 

^ r^g^-ixgx-^ - ^ r^g^-ig = J^ r^g^-i (xgx^'^ - g) 

= ^r^g^-i{T{xg,x~^)~^xgx'^ - t{x'^ ,xgY^x-^xg) 
= '^r.^g^-iT{xg,x~^y^(xgx~^ - x'^xg), 

which clearly belongs to [J?[G']'^, i^fC]^]. All the sums are over x G G/Gg. D 

Remark 7. Here of course R[Gonj{G)Y is just a R-module and multiplication is 
not defined. However, taking powers is well defined and while doing so we must 
remember the twisting map r. Hence we put it in the notation. 

Lemma 8. For any subgroup P < G, we have 

Ao{Up)^Ao{TP')[PY, 
and 

AdUp)s = AMrnip)[PY, 

for the same twisting map r as above. 

Lemma 9. If P < G is a cyclic subgroup, then Up is abelian (though Up is not 
necessarily a direct product ofV^" and P). 
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2. The additive side 

The group NqP acts i?-linearly on R[PY by conjugation on P. Let C{G) be 
the set of cychc subgroups of G. For any P G C{G), define a map 

4 : R[Gong{G)Y -^ R[PY 

as follows: let C{G, P) denote any set of left coset representatives of P in G. Then 

tp{9) = Yl {x~^'gxi\xi^gxi e P}. 

xeC{G,P) 

This is a well-defined i?-linear map, independent of the choice of G{G, P). For any 
PeC{G), define 

Vp : R[PY ^ R[PY, 

by 

h if /i is a generator of P 



^^(^)-^ if not. 

Definition 10. Define (5^ : R\Gonj{G)Y -^ R\PY h (5$ = r]p o t$ and (3g by 

^^ = {P'^)peCiG):R[Gonj{G)Y^ H ^t^r- 

PeCiG) 

Sometimes we denote (5^ ^-ppes hy just (5^ . 

Definition 11. Let P G G{G) he a cyclic subgroup of G. We define Tpji to be the 
image of the map 

tr : R[PY -^ R[PY ^^ Yl 9^~^- 

gdWaP 

It is an ideal in the ring {R[PY)^^^ ■ We denote Tp^i^^iYp^\ by Tp and T -r^ 

^■!^^0{^ }(p) 

byTp. 

Definition 12. Let P < Pi be two cyclic subgroups of G. Then we have the norm 
map 

nr^^ : {R[PiYr ^ {R[PYr , 
and the trace map 

tr'p' : R[PiY -^ R[PY- 

Definition 13. Let ip^ C IlpgcCG) R[PY ^^ ^^^ subgroup consisting of all tuples 

(ap) such that 

Al. IfP<Pie G{G), then tr^'{apj = 0. 

A2. {ap)p(^c{G) is invariant under conjugation action by every g E G. 

A3. For all P G C{G), ap G Tp,r. 

Sometimes we denote ip^ .ppe^ by just ip'^ . 



6 MAHESH KAKDE 

2.1. The additive theorem. 

Theorem 14. The homomorphism P'^ induces an isomorphism between R[C on j{G)]'' 
and ip^. 

Lemma 15. The image of f3'^ is contained in ip^. 

Proof: It is enough to show that /3^([^]) G V^^, for any g E G, i.e. it satisfies Al, 
A2 and A3. 

Al. For P < Pi E C{G), it is clear that trp^([g]) = unless g E P, in which case 
trp^{[g]) = [Pi : P][g]- Since the coefficient of any element g' E P in l3p^{[g]) is 
if g' does not generate Pi, it is clear that tr p^ {l3p_^{[g])) = 0. 

A2. For any g,gi E G, we must show that 'gif3p{[g])gi^ = f3'^ _i([^]), for any 
P E CiG). 

9Tt${[9])9i^ = 9i{Yl {[^~^9x] : x~^gx E P})gi^ 

x&C(G,P) 

= X^ {[{9ix-^9i^){9i99i^){9ixgi^)\ ■ x'^gx E P} 

x&C(G,P) 

= X^ {[xi^{9i99i^)xi] ■■ Xi^giggi^xi E giPgi^} 

xi&CiCgiPg^'^) 

= ilpa-^{\9^99?]) 



tpMm 



9lP9i 

t^ 

9iP9i 

Note that above we have, on several occasions, used giggi^ = giggi^- Hence 

9lVp{4i[m9l' = %,Pg^<t'^,Pg-M))- 

A3. We must show that tf{[g]) E Tp^R for any P E G{G). 

Hence, it is enough to show that tp'^ {\g]) E Tpp for any g E NqP- But tp^ {[g]) 
is non-zero if and only ii g E P, and when g E P, we have 

tp^'^iig]) = Yl ^"^^^ 

xec{NGP,P) 
= ^ x-^gx E Tp^R. 

x€WgP 

This finishes proof of the lemma. D 
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Definition 16. We define a left inverse 6 of /3^ by 

6: n R[PV ^ R[Conj{G)n-], 
PeC{G) ^ 

by putting 6 = '^p^c(G) ^p ^'^^ defining 6p by 

6p:R[PY^R[ConjiG)Y[-], 

X e R[Pr ^ i^^N e R[Con3{G)Y[^. 

Lemma 17. 5 o /3^ is identity on R[Conj{G)Y . In particular, f3p is injective. 

Proof: For any g E G, we show that S{Pp{[g])) = [g]. Let P be the cychc 
subgroup of G generated by g. Let G be the set of all conjugates of P in G. Then 



swim)) = E sp'i^nm) 



P'ac 



E T^^Pnm)] 
p'ec ^ ' ^ 



P'ec 
[G : NaP] ^J 



n 



Lemma 18. The restriction of 6 to the subgroup ipp is injective and its image lies 
%nR[Gonj{G)Y. 

Proof: Let (ap) G ipp be such that S{{ap)) = 0. We claim that Sp{ap) = for 
each P G G{G). This follows from two simple observations: firstly, by Al 6p{ap) 
and 6p'{ap') cannot cancel each other unless P and P' are conjugates; but when 
P and P' are conjugates, 6p{ap) = 5p'{api) by A2. Hence 5p{ap) = for every 
P G G{G). 

Let ap = Y^geP^ad- Then 5p{ap) = j^^Y.gep'^'Ad]- Let Ho{NgP, P) be the 
orbit set for the conjugate action of NqP on P. Then 

6p{ap)= E ^^M- 

x€Ha{NGP,P) gex 

li g,g' e X e Ho{NgP, P), then Vg = Vg, by A2. Call it r^. Hence, 

dp{ap)= E rxyjig\ = ^- 

x€Ho{NgP,P) 9&X 
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Hence r^ = for all x e Ho{NgP, P). 

A3 says that ap G Tpji for every P G C{G). Let ap = tr{hp) for some hp G 
R[PY. Then 

5p{ap) = 5p{ y^ xhpx~^) 

x<=WgP 

= [NgP : P]6p{bp). 
On the other hand 

J2 S,p,-i{a,p,-i) = [G : NGP]6p{ap), by A2 

xeC(G,NGP) 

= [G : P]6p{bp) G R[C(mj{G)Y. 

D 
Proof of theorem I14t S\^g is injective and 5 o f]^ is identity on R[Conj{G)Y. 

We claim that f3 p o 6 is identity on ip^. Let (ap) G ipp, then S{Pp{S{{ap)))) = 
6{{ap)). Since the image of (3p is contained in ip'^ and 5 is injective on ip'^, we get 

n 

3. Definition of Ki 

In this section we recall the definition of Ki groups and take it as an opportunity 
to introduce notations. Let R be any associative ring with a unit. For each integer 
n > 0, let GLn{R) denote the group of invertible n x n matrices with entries in 
R. Regard GLn{R) as a subgroup of GLn^i{R) by identifying A G GLn{R) with 

( J^ J J G GLn+i{R). Set GL{R) = U^=iGL„(/?). For any n, any i ^ j, with 

1 < "i; J < '^j and any r ^ R, let e[- G GLn{R) be an elementary matirx i.e. which 
has I's on the diagonal and r in the {i,j)th position. For each integer n > 0, let 
En{R) C GLn{R) be the subgroup generated by all elementary n x n matrices. 
Set E{R) = U'^^^Er.iR). Whitehead lemma says that E{R) = [GL{R),GL{R)], 
the commutator subgroup of GL{R). In particular, E{R) is normal in GL{R) and 
the quotient GL{R)/E{R) is abelian which we denote by Ki{R). 

Let J C -R be any ideal. Denote the group of invertible matrices which are 
congruent to the identity modulo I by GL{R, I) and denote the smallest nor- 
mal subgroup of G{R) containing all e^j for all r G / by E{R,I). Finally, set 
Ki{R,I) = GL{R,I)/E{R,I). The lemma of Whitehead says that E{R,I) = 
[GL{R),GL{R,I)]. Hence Ki{R,I) is an abelian group. 

4. Logarithm and integral logarithm for Iwasawa algebras 

4.L Logarithm homomorphism. Logarithms on Ki groups of p-adic orders 
were constructed by R. Oliver and L. Taylor. In this section we follow R. Oliver [7] 
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to define logarithm homomorphism on i^i-groups of Iwasawa algebras, a straight- 
forward generalisation of the construction of R. Oliver and L. Taylor. As before 

let R denote the ring Ao{T^^) or Ao(rP'')(p). Let Jr be the Jacobson radical of 
R[GY . Since Q is pro-p, the ring R[GY is a local ring and hence Jr is its maximal 
ideal. We have the series 

oo ,■ 

X 



Log{l + x) = J2i-'^ 



and 

X 



i 



Exp{x) = y 

Lemma 19. Jfi/pR[GY is a nilpotent ideal of R[GY /pR[GY . 

Proof: Let k = 0/{p). We have the following exact sequence 

^ Jr/pR[GY ^ Qik[[g]]) ^ Qik[[T]]) ^ 0. 

Let A^ be the kernel of the map k[[Q]] — )■ A;[[r]], and let Ih be the kernel of the 
map k[H] — )■ k. Then A^ = /^[[^JJ/h, and since H is a. finite p group, we have 

N- = kHQK = 0, 

for some positive integer n. By lemma [1] we can write any element x G <5(^[[^]]) 
as a; = f , with a e k[[g]] and t e k[[TP']]. Also, x e Jr/pR[GY if and only if 
a E N. As t is central, we deduce that Jr/pR[GY is nilpotent. 

D 

Lemma 20. Let I C Jr be any ideal of R[GY ■ Then 

1) For any x E I , the series Log{l + x) converges to an element in R[GY[-]- 
Moreover, for any u,v E 1 + / 

(1) Log{uv) = Log{u) + Log{v){mod [i?[G]"[-], /[-]]). 

2) If I G ^R[GY , for some central element C, such that ^^ G pC,R[GY , then for all 
u,v G 1 + I, Log{u) and Log{v) converge to an element in I and 

(2) Log{uv) = Log{u) + Log{v){mod [R[GY, /])• 

In addition, if P C pUr, then the series Exp{x) converges to an element inl+I 
for all X G /; the maps defined by Exp and Log are inverse bisections between I 
and 1 + /. Moreover, Exp{[R[GY ^I]) C E{R[GY il) and for any x,y G /, we have 

(3) Exp{x + y)= Exp{x) ■ Exp{y){mod E{R[GY, /))• 

Proof: This is analogue of lemma 2.7 in R. Oliver [7]. We reproduce the proof 
here stressing the modifications needed in our situation. 
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Step 1. For any n > 1, the ideal Jij/p"i?[G]^ is nilpotent in R[GY / p'^ R[GY . 
Hence for any x E I C. Jr, the terms x"'/n converge to and the series Log{l + x) 
converges in I[-] C i?[G]'^[-]. 

If / C C,R[GY, for some central C, such that C,^ G p^R[GY, then P C pi. Hence 
/" C nl for every positive integer n. So x"/ra G /. Hence the series Log{l + x) 
converges to an element in / C R[GY- 

Furthermore, if I^ C pUr, note that for any positive integer n such that p^ < 
n < p^^^ 

Recall that [y] denotes the greatest integer less than or equal to y and that 
77,!p-(["/p]H Hh/p D ig a p-adic unit. Hence Exp{x) converges to an element in 
1 + J. The fact that Log and Exp are inverse bijections between 1 + / and / is 
formal. 

Step 2. For any / C Jr, set 

m= E ;;r^r.ncMGi'|i|./|iii. 

m>0,n.>l ^ ^ 

a i?-sub module of i?[G]'^[-]. If / C C,R[GY, where ^ is a central element such that 
^P G p^R[GY, then {" G n^R[GY, and 

Cm+n 

U{I) = ([r,^ s]:m>0,n>l,CreI"',Cser,^r,^seI) C [i?[G]^J]. 

So the congruences ([1]) and (|2]) will both follow once we have shown that for every 
I C Jr and every x,y E I 

Log{{l + x)(l + y)) = Log{l + x) + Log{l + y){mod U{I)). 

For each n > 1, we let Wn be the set of formal ordered monomials of length n 
in two variables a, b. For w G Wn, set 

G{w) = orbit of w in Wn under cyclic permutations. 

k{w) = number of occurrences of ab in w. 

r{w) = coefficients of w in Log{l + a + b + ab) = E£oVl)""*"^^(''^r^)- 

If w' G G{w), then it is clear that w{x,y) = w'{x,y){'mod [/*,/•']) for some 
^; J > 1 such that i + j = n. So 

CX) 

Log{l + X + y + xy) = y^ y^ r{w)w{x, y) 

71=1 UieWn 



oo 

-^ ^ \ ^ r{w')jw{x,y){modU{T)). 



n=l weWn/C w'eC{w) 
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Let k = max{k{w') : w' G C{w)}. Let |C(ti;)| = n/t. Then C{w) contains k/t 
elements with exactly {k — 1) a6's and {n — k)/t elements with k a6's. Hence 

k 



■w'eC{w) i=0 \ / \ / 

which is unless A; = 0, in which case it is equal to (—1)""^-. Thus 

Log(l + x + y + xy) = V(-l)"~^f — + — ) = Log(l + x) + Log(l + y) imodUil)). 

^-^ \ n n / 



n=l 



Step 3. We now prove the congruence ([3]). Exp and Log induce bijection between 
/ and 1 + /. Hence 

Log{Exp{x)Exp{y)) = x + y {mod U{I)), 

which gives 

Exp{x)Exp{y)Exp{x + y)~^ E Exp{x + y + U{I))Exp{—x — y) 

C Exp{U{I)) C Exp{[R[G]\I]). 

Hence we only need to prove that Exp{[R[GY , I]) is contained in E{R[GY ,1). 
Choose a -R-basis {[si,fi], . . . , [sm,^^]} of [-R[G']'^, /], with Sj G R[GY and Vi G /. 
Let X = "^"^i ai[si, Wj] be an element in [i?[G]'^, I]. Define 



i^i^) = ]^(-Exp(aiSifi)£'xp(ait;iSi) ^). 



i=l 



For any r G R[GY and any a; G /, an identity of Vaserstein gives 



°° ' '""1 \ / J^ ^.|'^^^'^-l N -1 



Exp{rx)Exp{xrY^ = (a + ^( J^ — ^-^^] )) (l + (^ 

n=l 

eE{R[GY,I) 



r 



n=l n=l 



Hence Im{'ip) C E{R[GY ■, I)- For any k>l and any x, y G p'^/, 

Exp{x)Exp{y) = Exp{x + y){mod U{p''I) C p2'^f/(/) C p2'=[i?[G']", /]). 
Also, for any k,l > 1 and any x G p^/, y G p'/, 

Exp{x)Exp{y) = Exp{y)Exp{x) {mod [p''I,p^I] C p''+'[i?[G]^, /]). 
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So for any / > A; > 1, and any x G p''[i?[G']^, /] and y G j}\R\GY , /], 

^[x) = Exv[x)(m.oA p'^RyGW /]) 

(4) ^(x ^y) = i)[x)^{y) = tlj{x)Exp{y) {mod p''+^[R[G]\ /])■ 

For arbitrary u G Exp{p[R[GY , /]), define a sequence Xq, Xi, X2, ■ ■ ■ in [i?[G]^, /] by 
setting 

Xq = Log{u) G p[R[GY, /]; x^+i = Xj + Log{ip{xi)~'^u), 
By dl]), applied inductively for all ^ > 0, 

^/'(xi) = M, Xi+i = Xi (mod p^^'[R[GY, I]). 
So Xj converges and u = ipiJi^n^i-^ooXi). This shows that 

Exp{p[R[G]\ I]) C Im{ij) C E(i?[G]", J). 
Now define subgroups Dk, for all fc > 0, by setting 

Dk = {rx-xr:xel,re R[GY , rx, xr G JJ^) C [i?[G]", /] H / J^. 
By the hypothesis on /, for all k > 0, 

m,n>l 

= ([r,i-s] : n > 2,ir,is G J4,rrs,rsr G (JJ^)" C nJ4+^) 

This shows that Exp{Dk) C -Exp ([/?[(?] "^j /]) are both normal subgroups of {R[GY) ^ ■ 
Also, for any x,y E IJ%, 

(5) Exp{x)Exp{y) = Exp{x + y)(mod Exp{U{IJ^)) C -E'xp(-Dfc+i))- 

For any k > and any x G D^., if we write x = "^{riXi — XiVi), where r^ G 
R[GY, Xi E I and rjXj, x^rj G /J|^, then by above 

Exp{x) = \\{Exp{riXi)Exp{xiri)~^){m.od Exp{Dk+i)) 

= l{mod E{R[GY J)). 

In other words, Exp{Dk) C E{R[GY, I)Exp{Dk^i) for all /c > 0. But for a large 
enough fc, D^ C p[R[GY , I]- Hence we get 

Exp{R[GYJ]) C Exp{Do) c E(i?[G]",/)Exp(p[i?[G]",/]) C E{R[GY,I). 

D 

Proposition 21. For any ideal I G Jr of R[GY , the p-adic logarithm Log{l +x), 
for any x G /, induces a unique homomorphism 

logj : K,{R[GY,I) ^ (//[i?[G]^ /]) ^^^ Q^. 
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//, furthermore, I C C,R[GY for some central ^ such that ^^ G pC,R[GY , then the 
logarithm induces a homomorphism 

logj:K,{R[GY,I)^I/[R[GY,I], 

and log I is an isomorphism if P C pUn- 

Proof: This is an analogue of theorem 2.8 of R. Ohver [7]. By the previous lemma 

(6) L:l + /i^/[l]^^/[i]/[i?[Gr,J[^]], 
is a homomorphism. For each n > 1, let 

(7) Tr_M„(/[i])/[M„(i?[G]-[i]),M„(/[i])]^/[i]/[i?[G]li],/[i^^ 

be the homomorphism induced by the trace map. Then dH]), applied to the ideal 

M„(/) C Mn{R[GY) , induces a homomorphism 

L„ : 1 + M„(/) = GL^{R[GYJ) ^ M„(/[-])/[M„(i?[G]^[-]),M„(J[-])] 

I^I[^]/[R[GYJ[-]]- 
p p 

For any n, and any -u G 1 + Mn{I) and r G GLn{R[GY)- 

Ln{[r,u]) = Ln{rur'^) - Ln{u) = Trn{rLog{u)r'^) - Trn{Log{u)) = 0. 
So Loo = UL„ factors through a homomorphism 

logi : Ki{R[GY,I) = GL{R[GY , I)/[GL{R[GY),GL{R[GY , I)] 

^/[i]/[i?[G]^[i],/[l]]. 

If / C C,R[GY, for some central element ^, such that ^^ G p^-R[G]'^, then the 
same argument by the second part of the above lemma gives a homomorphism 

logi:K,{R[GY,I)^I/[R[GY,I]. 

If in addition, P C pUr, then Log is bijective and Lo5f"^([i?[G']^, /]) C E{R[GY, /]), 
by the last part of lemma above. Hence logi is an isomorphism. 

D 

Proposition 22. In the case when R = Ao{T^^), the p-adic logarithm Log{l + x), 
for any x G Jr, induces a unique homomorphism 

log : K,{R[GY) ^ R[Gonj{G)Y ®z, Qp- 

Proof: In this case R[GY /Jr. — Fp- Hence we have the following exact sequence 

1 -> K,{R[GY, Jr) -> K,{R[GY) ^ K^{¥p) = F^ 
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Hence logj^^ extends uniquely to a map 

(8) log : Ki{R[GY) -^ R[Conj{G)Y ®z, Qp. 

D 

Remark 23. The analogue of the equation ^ in the case when R = Ao(TP^)(p) 
%s 

K^{Qi¥,[[T]])) ^ K,{R[G]\ J«) ^ K,{R[GY) -> K,{Q{¥,[[T]])). 

Since Ki{Q{¥p\^\\)) is not a torsion group, it is not clear if we can extend the 
homomorphism logj^ to Ki{R[GY) is any canonical fashion. However, for our 
purposes logj^ suffices. 

4.2. Integral logarithm. Again we follow R. Oliver [7] to construct the integreal 
logarithm homomorphism from Ki of Iwasawa algebras. This is a straightforward 
generalisation of the integral logarithm on Ki of p-adic group rings of finite groups 
contructed by R. Oliver and L. Taylor. 

Assumption: From now on, throughout this paper, we assume that O is a ring 
of integers in a finite unramified extension of Qp. 

As before R denotes either Ao(r*''') or Ao(rP'')(p). 

Definition 24. Let ip he the map on R induced by the Frobenius map on O and the 
p-power map on T^^ . We extend this to a map, still denoted by ip, to R[Conj{G)Y 
by mapping [g] to [^] (remember that ^ is not the same as gP). 

4.2.1. Integral logarithm for Ao{Q) ■ 

Definition 25. For a finite group P we define the SKi{0[P]) to be the kernel of 
the map 

induced by the natural injection of 0[P] into 0[P][-]. 

For every n > 0, let Gn = Q/T^" ". The integral logarithm map defined by R. 
Oliver and L. Taylor is 

L:K,{0[GnY-^0[Gonj{Gn)], 

defined as L = log — -log, where if : 0[Conj{Gn)] — > 0[Gonj{Gn)] is the map 
induced by Frobenius on O and the p-power map on Gn- The kernel of L is 
Ki{0[Gn\)tor which is equal to fi{0) x G^^ x SKi{0[Gn\) by a theorem of G. 
Higman [3] and C.T.C. Wall [8J. Here fj,{0) denotes the torsion subgroup of O^. 
By theorem 7.1 of R. Oliver \7\, SKi{0[Gn\) = SKi{0[G]). 

Definition 26. We define the integral logarithm map L on Ki{Ao{G)) by 

L{x) = log{x) log{x) 

P 
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Lemma 27. The image of L is contained in Ao{T^^)[Conj{G)Y . 
Proof: For every n > 0, we have the following commutative diagram 

KiiAoiG)) ^Ao{r^l[Conj{G)m 



K^{0[G^]) ^ 0[Conj{G^)][^ 

where the vertical arrows are induced by natural projections. By theorem 6.2 of 
R. Oliver [7], the image of L is contained in 0[Gonj{Gn)], for every n > 0. If an 
element x G Ao(T^')[Gonj{G)Y[-] maps into 0[Gonj{Gn)] for every n > 0, then 
a; actually belongs to Ao(r'P'')[Coraj(G')]'^. Hence the lemma. D 

Lemma 28. The kernel of the map 

L : K,{Ao{g)) ^ Ao{TP^)[Gonj{G)]\ 

IS fi{0) x^"^x SKi{0[G]). 

Proof: From the proof of previous lemma it is clear that the kernel of L is equal 
to inverse limit of kernels of L acting on Ki{0[Gn])- Hence 

Ker{L) = lim {fi{0) x Gf x SKi{0[G])) = fi{0) x g^'' x SKi{0[G]). 

n 

D 
Lemma 29. The cokernel of the map 

L : K.iAoig)) ^ AoiT^')[ConjiG)Y, 

IS ((-1)^"^) X g^\ 

Proof: We have the following exact sequence by theorem 6.6 of R. Oliver [7] 

K,{0[G„]) 4 0[Gonj{G^)] ^ {{-If-^) x G^^]; ^ 1. 
Here the map oj is defined by 

g€Conj{G„) 9 

Hence cokernel of the map 

L : K^{Ao{g)) ^ Ao{V^^)[Gonj{G)Y, 
is ((-1)^-^) X g^'K We denote the map AoiTv'')[Goni{G)Y -^ ((-1)^"^) x g^"^ by 
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4.2.2. Integral logarithm for Ao{Q)s- Let J denote the kernel of the natural sur- 
jection 

Since Ao{Q)s is local, the following maps are surjective 

and 

l + J^K^{A^s,■J)■ 
We have an exact sequence 

1 -> 1 + J ^ A^s"" -^ A^^p)"" ^ 1, 

which splits using the distinguished embedding T "-^ Q. Hence any element x G 

^o{Q)s can be written uniquely as x = uy, for -u G 1 + J and y G Ao(r)(p) . As 
a result we get the following 

Lemma 30. Every x G Ki{Ko{Q)s) can he written as a product x = uy, where 
y G KiiAZiTJlp)) and u G Ki{A^^s, J)- 

Lemma 31. For any y G i^i(Ao(r)(p)), we have 

= l(modpAo(r)(p)) 



yP 



Hence the logarithm of ^-^ is defined. 

Proof: The ring Ao(r)(p)/pAo(r)(p) is isomorphic to the domain 0/(p)[[r]] (Recall 
that {p) is the maximal ideal of O since we have assumed that O is unramified 
extension of Zp). Let 0/{p) = ¥g. We also note that Fj[r]] = FJ[X]]. On this 
ring the (f map is the one induced by X i— ?> (1 + Xy — 1 = X^ and by p-power 
Frobenius on F,. Let y G FJ[X]]. Write y = YT=o<^i^'- Then 

/ = (X]a,Xr = E«'^^' = V^(^)' 

i i 

Hence the lemma. D 

Definition 32. We define the integral logarithm L on Ki{Ao{Q)s) o-s follows: 

write any X G Ki{Ko{Q) s) as x = uy, withy G -ft'i(Ao(r)(p)) andu G Ki{Ko{Q)s, J)- 
Define 

if 1 yP 

L{x) = L{uy) = L{u) + L{y) = log{u) log{u) -\ — log{- ^ 



p p ip{y)' 

Proposition 33. L induces a homomorphism 

L : K.iA^^s) ^ AcArn(p)[ConjiG)Y. 
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Proof: Let x G Ki{Ao{Q)s)- Write it as x = uy, with y e Ki{Ao{T)(p)) and 
M e Ki{A^^s, J)- We will show that L{u) and L(?/) lie in A(^^J^(^p)[Conj{G)Y. 
The fact that L{y) = -log{^j-^) lies in Ao(rp'')(p) follows from proposition I?T1 Now 
let M = 1 — f and consider L(l — v) 

,-/-, X , f^ f^ , ,^(v) (p(v) , 

oo ^ 

It suffices that pk\{v^'' — ^{v^)) for all k\ which will follow from 

for all n > 1. Write v = J2g&G ^gd^ where Vg G Ao(rP'')(p). Set q = p" and consider 
a typical term in v'^: 

rgi---rg,gi---gg. 

Let Z/gZ acts cyclically permuting the gi's, so that we get a total of p""* conjugate 
terms, where p* is the number of cyclic permutations leaving each term invariant. 
Then f^i ■ ■ ■ f^g is a p*-th power, and the sum of the conjugate terms has the form 

p^-^fP'gP' G Ajrn^p)[ConjiG)Y, 

where f = Y[i=i "^qj ^^"^ 9 ~ Y\j=i 9j- Here we may do the multiplication after 
rearrangement because the twisting map r is symmetric. If t = 0, then this is a 
multiple of p". If t > 0, then there is a corresponding term p"~*f^ g^ in the 
expansion of v^ . It remains only to show that 



p"-*P^P =p"~V(rP gP )=p"-V(rP )^P(modp"). 

But p*|(fP — (f{fP )), since p|(f^ — V9(f)). D 

Remark 34. It would be interesting to find the kernel and cokernel of L in this 
case. Since we do not need it we will not investigate it here. 

5. The main result 

5.1. The maps 9^ and 9g. Recall that for every P G C{G), we denote by Up 
the inverse image of P in ^. Then there is a map 6p given by the norm 

6$ : K,{Ao{g)) ^^^^ Kr{Ao{Up)) = Ao{UpY . 
Let 9^ be the map 

^"^ = (^p)peC(G) : i^i(Ao(^)) ^ n ^oiUpY. 

PeC(G) 
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Similarly, we have maps 6g and 6'*^ 

pgc(G) 



X 

s- 



PaCiG) 

Our main theorem describes kernel and image of the map 9'~' and shows that image 
of ^5 intersected with HpecCG) ^oiUp)^ is exactly the image of 6'^ . 

5.2. Relation between the maps 6 and (3. 

Lemma 35. For any P G C{G), we have the following diagram 



9$ 






In the case of p-adic completions the following diagram commutes 
K,{A;^s, J) ^^ Ao(r?)(,)[Conj(G)]-[i] 

K,{Ao{Up)s.J) T^, -Ao(rPl(rt[P]^[i] 

Proof: This is an analogue of theorem 6.8 in R. Oliver [7J which we refer for 

details. For any u G Ki{Ko{G)) (resp. u G Ki{Ko{Q)si J))) the result follows 

from the expressions 

1 
log{u) = lim — (m^ - 1); 

and 

e${u)= lim(l + t^(MP"-l))^/P". 

(resp. §(m) = lim (1 + ^^(mP" - 1))^/^"). 

D 

Definition 36. For any P G C{G) with P ^ {1}, we choose and fix a non-trivial 
character uj of P of order p. It induces a map on Ao{Up)^ and on Ao{Up)s 



Ki OF SOME IWASAWA ALGEBRAS 19 

given by mapping g G Up to u{g)g. We denote this map by u again. We define a 
map ap from Ao{Up)^ to itself or from Ao{Up)s to itself by 



ap[x] 



We define aji} by a{i}{x) = x^/ip^x). We put a = {q:p)p(zc{g)- 

Lemma 37. We have the following commutative diagram for all P G C{G) and 

^MUpm. 



AoiUf 



ap 



prip 



/^o(Uf 



— Ao(C/p)|il 



And in the case of p-adic completion the following diagram commutes 



K,{Ao{Up)s,J) 



log 



Ao{U, 



p s\ 



ap 



PVP 



K,{Ao{Up)s,J) 



log 



Ao{U, 



p s\ 



Proof: Note that the following diagram commutes 



AoiUf 



AoiUp 



log 



Ao(fp)|i] 



— Ao(C/p)|il 



and 



Vp = -{P 
P 



p-i 

A;=0 



Hence we get the first claim of the lemma. The second one is similar. D 

Definition 38. We define the map Vp : YlceciG) -^oiUc) -^ ^o{Up) is given by 






^P'l 



'Vpii^c)) =p{y vevp (xpO) 






where the sum ranges over all P' G C{G), such that P'^ = P and P ^ P' . 
The empty sum is taken to be 0. Here vevp is the map induced by the transfer 
homomorphism (equal to the p-power map) from P' to P. Put v^ = {vp)p. We 
denote the analogous map in the case of p-adic completions again by v^ . 
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Lemma 39. For P ^ {1}, the following diagram commutes 



Ao{Tn[Conj{G)Y 

/3° 



AoiTn[Conj{G)Y 



IlceC(G) -^oiUi 



p$ 



c 



vO 



AoiUf 



In the case P = {1}, the following diagram commutes 



Ao{rn[Conj{G)Y 

/3° 



IlceC(G) -^oiUi 



c 



ip+v'f 



AoiTP'')[ConjiG)Y 



Ao{Uf 



Here ip in the lower row is just the map y? : AoiUp) — )■ AoiUp). And the analogous 
result holds for the p-adic completions. 

Proof: We assume that P ^ {1}. For g & G, v/e must show that I3p{ip{['g])) = 
Vp{/3'^{[g])). We start with the left hand side 

which is non-zero if and only if some conjugate of g^ generates P. Hence we may 
assume that g^ itself is a generator of P. Then 

pi s.t. piv=p 

=p{ Yl ^^^p(tp'{[m) 

P' s.t. P'P=P 

r( E {[x-^gx]\x-^gxeP'})) 
xeC{G,P') 

P( Yl Yl {[x-^gPx]\x~'gxeP'}) 

P' s.t. P'P=PxeC{G,P') 

J2 ( Yl {[x-'g^x]\x-'gxeP'}) 

P' s.t. P'P=P x€C{G,P) 

y y {[x^^gPx]\x^'^gx E P'} 

x(^C{G,P) P' s.t. P'v=p 

y^ {[x-'^gPx]\x''^g'Px E P} 

x£C{G,P) 



p( E 



p' 
vevp 



P' s.t. P'P = P 
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G 



Definition 40. We define the map Up : YI^j^^j^qs Ao{Uc)^ -)■ KoiUpY by 



u?' 



where the product is taken over all P' G C{G) such that P'^ = P and P' ^ P. The 
empty product is taken to be 1. Put u^ = {up)p. We denote the analogous map 
in the case of p-adic completions again by u^ . 

Lemma 41. The following diagram commutes 

np.c(G)Ao(^p)^ ^^npec(G)Ao(f/p)[i] 

And similarly for the p-adic completions. 

Proof: This is because log is natural witli respect to tlie liomomorpliisms of 
Iwasawa algebras induced by group liomomorpliisms. D 

Proposition 42. The additive and the multiplicative sides are related by the fol- 
lowing formula: 



P'f{L{x)) = -log{- 



p u^{a{6'^ {x))) 
Analogous relation holds in the case of p-adic completions. 
Proof: First we assume P ^ {1}. Consider the left hand side of the equation 

l3${L{x)) = r]p{4{logix) - -log{x))) 

= vpilog{e$ix))) - P^i^logix)) 

= -log{ap{9${x))) - -v${/3''{log{x))) 
p p 

= -logiapie'fix)) - -log{u${a{e^{x)))) 



p ''V«.g(a(»G(i))) 
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Now assume that P = {1}. In this case Pp = tp and 

P^{L{x)) = 4{log{x)) - -t%{^{log{x))) 

P 

P 
= log{e${x)) -^{p^ + v$){log{a{e''{x)))) 



1 / e^jxr 

p^\ip{e'f{x))u${a{eG{x))) 

-Jog[-^ 



p \u'p{a{9'^{x))) 



5.3. Statement of the main theorems. 



D 



Definition 43. Let $'^ (resp. <l>f and ^'§) be the subgroup of Ylp^^j,^-. Ao{Up)^ 

(resp. Y\p(zc{G)^o{Up)^ '^'^'^ IlpgcfG) ^o(^^)'S' ) consisting of tuples (xp) satis- 
fying 
Ml. For any P < Pi in C{G), we have 

nrp^{xp^) = xp. 

M2. (xp) is fixed under conjugation action by every g E G. 
MS. (xp) satisfies the following congruence 

ap{xp) = Up{a{xp')){mod pTp){ resp. pTps andpTp), 

Theorem 44. The map 9'^ induces an isomorphism 

Ki{ko{<3))ISKi{Aom = ^''- 

Theorem 45. The image of 9g is contained in $^. Moreover, 

PeC{G) 

5.4. The proof. In this section we again let R denote either the ring AoiT^") or 
the ring Ao(r^(p). 

Lemma 46. Let x G Ki{R[GY) . Then for every P G G{G), we have 

ap{9'f{x)) =u${a{9'^{x))){modp) 

In particular, log of „Gfi||fJ^i})) is defined. 
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Proof: If P is not the trivial group, then Q;p(6'p(a;)) = l(niod p) andMp(a;(6''^(a;))) e 
l(mod p), hence we get the required congruence. Now assume that P = {!}. In 
this case 

uU^ie^i^))) = ( n ver^'{ap,{e%{x)))) 

P' S.t. P'^{1},P'P = {1} 

= 1( mod p) 

And 

9f,^{xr^^{ef,^{x)){modp). 

i.e. 

«{i}(^fi}(a;)) = l(modp). 

Lemma 47. The image of 9'-^ is contained in $'^. Similarly, image of 6^ 
contained in $^. 

Proof: Here we write a proof for the first claim of the lemma only. The proof for 
the second claim is exactly the same. We must show that for any x G Ki{Ao{G)), 
the element 9'^{x) satisfies Ml, M2 and M3. 

Ml is clear because the following digram commutes 



D 



zs 




^p 



AoiUpr 

M2. Pick a lift x of x in Ao{Q)^ ■ Recall how the norm map 6p is defined for any 
P G C{G). The ring Ao(^) is a free Ao(f/p)-module of rank [G : P]. We take 
the Ao([/p)-linear map on Ao{Q) induced by multiplication by x on the right. Let 
Ap{x) be the matrix (with entires in Ao{Up)) of this map with respect to some 
basis C{G,P). For any g E G, the set gG{G,P)g~^ is a basis for the Ao{UgPg-i)- 
module Ao(^). The matrix for the Ao(t/c,pg-i)-linear map on Ao(^) induced by 
multiplication on the right by x with respect to this basis is gAp[x)g~^. Hence 

ge$ix)g-' = efpg-,ix). 

M3. By lemma HH] and proposition W2\ we have 

(3^iLix)) = hog( "^(^^(^)) 



p \u'^{a{9'^{x))). 

By lemma fTSl we get that pf3p{L{x)) G pTp. But log induces an isomorphism 
between 1 + pTp and pTp. Hence M3 is satisfied. 

D 
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Lemma 48. There is a map fj,{0) x Q'^" — )■ IlpGCfG) 
and fits in the following commutative diagram 



^o{Up)^ which is injective 



fi{0) X Q' 



ab(_ 



fi{0) X g 



abC_ 



Uj 



K[iAoiiG))) 

Ao{Up. 



iPeC(G) ■ 

where K'-y{ko{Q)) denotes the quotient K^{ko{Q))lSK^{0\G\). 
Proof: We define the claimed map as the composition 

^(O) X ^"^ '-^^^ fi{0) xUp^ koiUpY. 
To prove the injectivity it suffices to show that 

g-b^ J] Up 

P&C{G) 

is injective. We use induction on the order of H. Take a central commutator z of 
Q of order p such that z E H. Let Q = Q/{z). We use the notation Up for image 
of Up in Q. Consider the commuting diagram 



ab 



K 



Q 



npeC(G) ^P 



npec(G) ^P 



where K is by definition the kernel of the map HpecfG) ^p ~^ IIpgccg) ^p- Since 
the ffist and the last vertical maps are injective, the middle one must also be 
so. Since the norm homomorphism on Ki groups is same as the transfer when 
restricted to ^"*, we also get the commutativity of the diagram in the lemma. 

D 

Lemma 49. We denote ip'^ ,ppe> from the additive theorem by ip^ . Then there is 
a surjective map 

u-.ip^ -^ ((-iF^^) X ^''^ 

which makes the following diagram commute 



AoiTn[Conj{G)Y 



{{-ly-') X g 



ab 



^ 



G 



ii-iy-') X g 



ab 



where the map u in the top row is the one from the proof of lemma 
Proof: This is a trivial corollary of theorem [T 



D 
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Lemma 50. The map C : ^'^ — ?■ tp^ , defined by 
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p \1 
sits in the following exact sequence 



.u${a{{xc)))J 



sG -C, „/,G '^, 



1 ^ fi{0) X ^"^ ^ <l>^ ^ ^^ ^ ((-If" ) X G"' -^ 1. 

Proof: It is clear that the map C is well-defined and its image is contained in 
ip'^. To show that it sits in the claimed exact sequence, we use induction on the 
order of H. The only non-trivial part is the exactness at ip'-'. Choose a central 
commutator z ^ H oi order p. Let Q = Q/{z). Then we have the following 
commutative diagram 



ab 



i^{0) X g 



/i(O) X g"' 



$ 



G 



$ 



G 



i, 



G 



^ 



G 



ab 



ii-iy-^) X g 



((_i)P-i) X g^' 



For any a = C{x) G ip'-' , we have uj{a) = uj{7i{a)) = uj{C{n{x))) = 1. On the other 
hand, let a G ip^ be in the kernel of u. Then by the previous lemma, the additive 
theorem and lemma 1291 we get x G Ki{Ao{g)) such that P^{L{x)) = a. We finish 
the proof by using the commutativity of the following diagram 



KiiAoig) 



Ao{Tn[ConjiG)Y 



$ 



G 



^' 



G 



Hence we have C{9'-^{x)) = a and we get the exactness at ip'-^. 

Proof of theorem I44t Recall our notation 

K[{Aoig)) = K^iAo{g))/SK,{0[G]). 
From the previous lemmas we have the following commutative diagram 

^(0) X 6?"" ^K[{Ao{g)) ^Ao{TP')[Conj{G)Y ((-1^^) x g'^' 

s- (^G ^ ^G 



D 



ab 



ii{0) X g 



The theorem now follows by the five lemma. 



((-ir^) X g 



ab 



D 
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Proof of theorem I45t It follows from lemma H?] and the fact 

^n n MUpVs = ^1 

P€C(G) 

that the image of 6^ is contained in $^. Moreover, from 

pgc(g) 
and theorem HU we obtain that 

$fn n MUpr=im{9''). 

P&C{G) 

u 

References 

[1] J. Coates, T. Fukaya, K. Kato, R. Sujatha, and O. Veiijakob. The GL2 main conjecture for 

elliptic curves without complex multiplication. Puhl. Math. IHES, 2005. 
[2] T. Hara. Inductive construction of the p-adic zeta functions for non-commutative p-extensions 

of totally real fields with exponent p. http://arxiv.org/abs/0908.2178v2, 2009. 
[3] G. Higman. The units of group rings. Proc. London Math. Soc, 46(2), 231-248 1940. 
[4] M. Kakde. Proof of the Main Conjecture of Noncommutative Iwasawa Theory for Totally 

Real Number Fields in Certain Cases. PhD thesis, Cambridge University, 2008. Submitted 

to Journal of Algebraic Geometry. 
[5] K Kato. Ki of some non-commutative completed group rings. K-Theory, 34:99-140, 2005. 
[6] K. Kato. Iwasawa theory of totally real fields for Galois extensions of Heisenberg type. Very 

preliminary version, 2006. 
[7] R. Oliver. Whitehead Groups of Finite Croups. Number 132 in London Mathematical Society 

Lecture Note Series. Cambridge University Press, 1988. 
[8] C.T.C. Wall. Norms of units in group rings. Proc. London Math. Soc, 29(3):593-632, 1974. 



